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Abstract

Human close-range proximity interactions are the key determinant for spread-
ing processes like knowledge diffusion, norm adoption, and infectious disease
transmission. These dynamical processes can be modeled with time-respecting
paths on temporal networks. Here, we propose a framework to quantify memory
in time-respecting paths and evaluate it on several empirical datasets encod-
ing proximity between humans collected in different settings. Our results show
strong memory effects, robust across settings, model parameters, and statisti-
cally significant when compared to memoryless null models. We further propose
a generative model to create synthetic temporal graphs with memory and use
it to show that memory in time-respecting paths decreases the diffusion speed,
affecting the dynamics of spreading processes on temporal networks.

Keywords: Temporal networks, Human proximity, Memory, Time respecting paths,
Generative models

1 Introduction

Human encounters at short distances are a key driver of social interactions between
individuals [1]. They enable diffusive processes such as knowledge diffusion, norms
adoption, and infectious disease propagation [2]. The unfolding of these diffusive pro-
cesses depends on the evolution of proximity interactions over time, and calls for
appropriate modeling using temporal networks [3]. In these networks, individuals are
modeled as nodes and their interactions are represented by temporal edges formed
by node pairs and a time index indicating when the interaction occurred. Temporal
interaction networks of humans display recurrent properties, observed in all collection
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contexts, such as the bursty behavior and high heterogeneity of temporal patterns [4—
8]. The ubiquity of these observations has attracted the efforts of several researchers
who proposed generative models of temporal networks capable of reproducing the
observed properties [9-15].

Here, we focus on describing and modeling long memory patterns, another com-
monly observed feature of empirical social networks [16, 17]. While in the remainder
we will only consider memory in diadic interactions, i.e., between pairs of nodes, it is
worth mentioning that memory effects have also been recently observed in higher-order
structures composed of groups of nodes [18]. Memory in temporal networks influences
epidemic spreading [19, 20], diffusion speed [21, 22], and the evolution of the net-
work itself [23]. Recent works have also shown that accounting for memory leads to
improved performance in machine learning tasks such as change-point detection [24],
identification of causal temporal timescales [25], and community detection [26, 27]. As
such, memory is a key ingredient of temporal network modeling.

Memory in temporal graphs is not uniquely defined, and different approaches have
been explored to quantify it. Some works considered self-reinforcement mechanisms in
which the existence of a temporal edge is influenced by its past [28], or by the past
of other edges [29]. Using a self-reinforcement mechanism, Ref. [16] showed a relation
between memory and the observed high heterogeneity of temporal patterns in human
proximity networks. Another approach to modeling memory relies on the identifica-
tion of significant temporal motifs, i.e., of temporal patterns among nodes [30, 31].
Similarly to Refs. [25-27], we define memory by relying on time respecting paths, which
describe the navigability of temporal networks, i.e., how information flows from one
node to another. Time respecting paths drive the unfolding of dynamical processes [32]
and have been recently used to define a notion of distance between temporal graphs
[33]. We quantify memory as the likelihood that a time-respecting path returns to a
previously visited node. Our definition of memory allows us to detect memory effects
in Markovian processes, such as diffusion, induced by a non-Markovian evolution of
the graph topology. We propose two models for time respecting paths: one that only
includes memory, the other that also accounts for the presence of a community struc-
ture. Long memory effects lead to increased model complexity to account for temporal
correlations, and some works [24, 27] reduce the complexity by assuming memory
intervenes only at the mesoscale, i.e., on groups of nodes forming communities. Unlike
these approaches, both our models have a single parameter encoding memory and do
not need the mesoscale assumption for a reduced model complexity.

We evaluate our models on eight empirical temporal networks describing
human proximity interactions [5, 6, 34-38], collected in various contexts by the
SocioPatterns collaboration ([4], sociopatterns.org). The results show significant
memory effects across all networks, as demonstrated by the comparison with null
models. Interestingly, we observe comparable memory effects in similar contexts (like
schools and workplaces), suggesting a robust behavior of memory across data collec-
tions. We further develop a generative model to create synthetic graphs with memory,
and demonstrate that increased memory decreases the diffusion speed. Our results
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enable the numerical quantification of memory, which is, together with the network
density and the community structure, a key property in temporal graph modeling.

2 Results

Temporal graphs model complex systems with time-dependent interactions [39]. They
are formed by a set of temporal edges £ with elements (4, j, ¢, w) that denote interac-
tions between node pairs i, j € V at time ¢ with weight w. This definition accounts time
as a discrete variable with resolution t,es. All interactions within ¢,.s are considered
simultaneous, and we account for the frequency of interaction by letting the weight w
be the total interaction time between two nodes in the time resolution interval.

We model non-backtracking time-respecting paths (TRPs) on temporal graphs. In
the static setting, a path P = {v1,va,...,v,} is an ordered sequence of nodes that
represents the trajectory of a walker on the graph. A transition of the walker from
one node v, to the next, v,41, is possible only if (v, v,41) is a graph edge. Non-
backtracking paths exclude self-loops (vyz11 # v;) and backtracks (vyy1 # vz—1).
TRPs extend this concept by incorporating time and respecting the chronological
order of interactions. In a TRP, transitions between nodes at time ¢ are possible only
if there is a connection between those nodes at time ¢. Unlike paths on static graphs,
they are non-symmetric: a path from ¢ to j does not imply the existence of a path
from j to ¢. The size of a TRP can be defined in two alternative ways: one is the path
length that equals the number of nodes in the path; the other is the duration, i.e.,
the time elapsed between the last and first steps in the path [32]. Both definitions are
relevant as they describe properties that directly influence the unfolding of dynamical
processing on temporal networks, and crucially determine their outcome [40]. For a
more detailed definition of TRPs and their implementation, we refer the reader to
Section 4.1. We remark that, according to our definition, TRPs preserve the ordering
in which path transitions occur and do not constrain the actual time elapsed between
consecutive steps.

We model the likelihood that a TRP returns to a previously visited node within
a memory horizon. We observe that TRPs on time-resolved human proximity data
display statistically significant memory effects and return to already visited nodes with
high likelihood, even if TRPs’ steps do not depend on their history. This is possible
because TRPs are constrained on the graph’s temporal edges. This effect weakens by
increasing the aggregation values .5, which impose milder constraints on the path
dynamics because the number of edges at each time step can only increase with t,es.
In the Appendix, we evaluate the robustness of our results across different resolution
values t..s and we expand our analysis to a memory definition based on the TRP
duration instead of length, which also provides statistically significant results.

2.1 Modeling memory

To get our definition of memory, we start from non-backtracking TRPs, in which a
walker cannot move to the node it came from, i.e., v;41 # v,—1 for all z. This choice
allows us to focus on long-range memory effect, avoiding short-term back-and-forth

093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138



139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184

O Uq O Ug—1 Q M,

t1 to t3 t4 ts te t7
@ ® o @ Rl | |e?® | q? |0

@ @ © O’O @9 @ O @9
© W gl 0p | @ e | v |0 “—e

vy =d =a vr=c

Vs
v =e vg=7f Vg vs=d vg =

[y

Fig. 1 Memory in time-respecting paths. Top row. A temporal graph with n = 6 nodes. We
depict a non-backtracking time-respecting path P on this graph. The walker is located in the white
dot marked with the thick line. An arrow points from this node to the node occupied at the following
time step. The red dots indicates the node the path comes from. This node cannot be reached by a
path starting from the node marked with the thick line, as it would create a backtrack. The brown
dots denote the memory set Mg at each time step for a memory horizon m = 4. Note that the size
of the memory set is not constant. Bottom row. The path P at time t7 with the colors and markers
obtained at this time.

transitions between node pairs that may generate fictitious memory effects in the
presence of bursty dynamics [41]. Considering a path P = {v1,va,...,v,}, we let its
memory M, be the set of nodes appearing in the last m path positions, excluding
v and v,—;. Formally, given P = {v1,v9,...,0.}, and m, we let M,(P,a) = {v, €
P :2<a—x<m}={Vs—mt1sVa—m+t2,---,Va—2}. Figure 1 provides a schematic
representation of this definition. The parameter m sets the memory horizon in terms of
the path length. In the Appendix, we explore a definition of M, in which the memory
horizon is expressed in time units.

We propose two models for non-backtracking TRPs. The first (MEM) only
accounts for memory and, given p € [0,1] and n = |V|, the model chooses the next
node of P according to the following rule for v, 1 ¢ {va,ve—1}:

0 (Var1 EMa) 1—p
M| n—2"

P(Ua+1|/\/la) =D (1)

and P(v,y1|Mg) =0if vgp1 € {va,va—1}. According to this model, with a probability
p, a node is chosen among those in M,, and, with probability 1 — p, is randomly
sampled from all nodes that can form a non-backtracking path, including those in M,.

Several social networks display a community structure that impacts the statisti-
cal properties of TRPs [33, 41, 42]. We thus propose a generalization of Eq. (1) to
account for this effect inspired by the stochastic block model [43] (MEM + SBM).
The stochastic block model generates random graphs with a community structure, by
assigning a larger probability of connection between nodes in the same community.
Let £:V — {1,...,k} be a known labeling function that assigns each node to one of
k communities. We let C' € R¥** be a symmetric non-negative matrix whose entry



Name [ Description [ n [ k [ Duration
Primary [5] Students and teachers from a primary school 242 | 11 2 days
High School 1 [6] Students and teachers from a high school 126 4 4 days
High School 2 [6] | Students from a high school 180 | 5 7 days
High School 8 [36] | Students from a high school 327 9 5 days
Conference [34] Participants to a scientific conference 405 |/ 2 days
Office [34] Workers in an office 232 | 12 10 days
Hospital [37] Patients and health-care workers in a hospital 75 4 5 days
Malawi [38] Individuals in a village in rural Malawi 86 | / 26 days

Table 1 Summary description of the Sociopatterns social networks. The column “Name”
reports the name used in the text to refer the dataset. “Description” provides concise information
on the context. The subsequent columns indicate the number of nodes (n), the number of
communities (k), and the temporal span of the dataset.

Cy,p describes the affinity between the communities o and 3. Then, according to the
stochastic block model, an edge between nodes u and v exists with a probability pro-
portional to L(u,v) := Cy, ¢,. Similarly, the MEM+SBM selects the next node of
‘P according to the following rule for vg41 # v, Vg—1:

1) (Ua+1 S Ma)
Mal

L(Uay Ua-‘rl)

P(UG+1|MG) =D 7 3
a

+(1-p)- (2)

where Zo = 3, e\ fvo,0a_1} L(Va, 1) is the normalization and P(ve41|Ma) = 0 if
Vat1 € {Va,Va—1}. We remark that for both Eqs. (1, 2), Y-y, P(u[M,) = 1. Eq. (1)
is a particular case of Eq. (2), obtained for L, , = 1 for all u, v, i.e., in the absence of
a community assignment.

2.2 Inference on empirical data

We evaluate our models on eight empirical temporal networks collected by the
SocioPatterns collaboration ([4], sociopatterns.org) describing time-resolved prox-
imity interactions between humans, with a temporal resolution t,.s = 20 s. These
datasets were collected in schools [5, 6, 36], an office [34], a hospital [37], a scientific
conference [34], and a rural village in Malawi [38]. Some datasets provide additional
node categorical attributes: in the school datasets, each node is a student in a known
school class; in the hospital and office datasets, nodes have a role attribute. We provide
a summary description of these datasets in Table 1.

We first compare the two models to assess whether the higher complexity of the
MEM + SBM model leads to a better goodness-of-fit of the empirical data. We then
proceed by describing the maximum likelihood estimator of the memory parameter
p for different values of the memory horizon m. To assess the significance of these
results, we compare the inferred memory p with the one obtained on temporal graphs
generated from memoryless null models.
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Fig. 2 Comparison of the goodness-of-fit between MEM and MEM 4 SBM models as
a function of the memory horizon m. Each plot refers to one of the six datasets of Table 1
with a known node label assignment. These dataset have a known node partition in communities. In
Primary, High school 1, 2, 3, each node is assigned to a school class. In the Office and in the Hospital
datasets labels are a role attribute. We show the BIC (lower is better) of the MEM model (cyan
squares) and of the MEM + SBM model (orange circles) as a function of the memory length m for
tres = 20 s. While the plots share the same y-axis, the results cannot be compared across datasets.

2.2.1 Goodness-of-fit

For each temporal graph in Table 1, we run a collection of non-backtracking TRPs,
introduced in Section 2. We then use a maximum likelihood estimator to infer the
probability of the TRP returning to an already visited node and the community affinity
matrix. Section 4.1 provides the details on the TRP implementation, and Section 4.2
the expression of the maximum likelihood estimators for the MEM and MEM -+
SBM models. We evaluate the goodness-of-fit using the Bayesian information criterion
(BIC) [44]. Small BIC values imply a better fit.

For the six datasets of Table 1 with known node attributes, we compare the BIC for
both MEM and MEM + SBM models to evaluate whether the more complex model
is required to explain the TRPs statistics. Figure 2 shows the BIC values for the two
models as a function of the memory size, m. In all datasets, the MEM + SBM model
achieves better results than the MEM model, showing that the community structure
needs to be accounted for to explain the TRPs statistic. This is especially evident
in the four school datasets that display a highly assortative community structure.
Similar results are obtained defining the memory horizon in terms of time duration,
as reported in the Appendix.



2.2.2 Inference of the memory parameter

Figure 3 shows the inferred memory parameter p as a function of the memory size m
across datasets. For all datasets with known node labels, we observe the MEM model
provides larger memory values p than those observed in the MEM-+SBM model.
Accounting for the community structure is thus necessary to disentangle homophily
from memory. The largest mismatch between the models is observed in the school
datasets, coherently with the results shown in Figure 2.

Comparing the results across datasets, we observe similar inferred values of p for
all schools and in particular, all high schools. Also, workplaces — Office and Hospital
— lead to comparable results, with values of p slightly larger than those observed in
schools. The high memory observed in Malaw: and the low one in Conference are
understood from the experimental context. Malawi describes interactions between
family members in an African rural village. These interactions are known to be frequent
and prolonged [45], thus explaining the high memory effects observed. Conference
describes the interactions among researchers at a scientific conference. This can be
explained by several characteristics of scientific conferences, like the presence of large
gatherings, the schedule of the conference, or the fact that attendees commonly browse
around to meet new people.

To assess the statistical significance of our results, we compare them with two
null models [46] that do not have memory by construction. In the first null model,
we obtain a temporal graph by generating a sequence of snapshots drawn from the
Erd6s-Rényi model in which each snapshot has the same density as the corresponding
one in the empirical dataset. We obtain p as the maximum likelihood estimator of
the MEM model on TRPs obtained from this temporal graph. This temporal graph
does not have correlations between its snapshots, and any inferred memory effect can
be ascribed to randomness. In the second model, we independently generate graphs
with a community structure from the stochastic block model and estimate p from the
MEM + SBM model. The community structure introduces a correlation between
the snapshots due to homophily and not memory. Also in this case, each snapshot
has the same graph density as the corresponding empirical dataset. Coherently with
the results discussed above, we observe that in the school datasets, the inferred p on
the null model with communities is non-zero, which is caused by a highly homophilic
community structure. On the contrary, the p inferred from the Erdos Rényi model is
null in all cases. On all datasets, the inferred memory values are much larger than
the values inferred from the null models, evidencing a non-trivial memory effect in
empirical pathway data.

2.3 Memory in the TRPs decreases the diffusion speed

Several works have shown that memory affects the speed of diffusion on temporal
networks [19, 22, 29, 47, 48]. We investigate how memory in time-respecting paths
(TRPs) impacts the diffusion speed. To do so, we first introduce a model to generate
synthetic graphs with varying memory. This allows us to control memory and span
different regimes in a controlled setting. We introduce two parameters m € N, and a €
[0,1], describing memory. The parameter i, similarly to m in the previous sections,
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Fig. 3 Maximum likelihood estimates of the memory parameter p and comparison with
the null models. Each plot refers to one of the datasets described in Table 1 and shows the inferred
value of the probability p of the time-respecting paths to return to a node, as a function of the
memory length m. The curve “MEM” (solid line with squares) is obtained from the MEM model
of Eq. (1) on the empirical data. The curve “MEM+SBM?” (solid line with dots) is obtained from
the MEM+SBM model of Eq. (2) on the empirical data. The curve “Null MEM” (dashed line
with squares) is obtained from the MEM model (Eq. (1)) on the synthetic data, generated from the
Erdds Rényi null model. The curve “Null MEM + SBM” (dashed line with dots) is obtained from
the MEM+SBM model Eq. (2) on the synthetic data, generated from the SBM null model. For
the Conference and Malawi datasets, we only consider the null model based on Erdés-Rényi random
graphs, while for all other datasets, we consider the one generated from stochastic block model graphs.
For these datasets, the labels are known attributes that indicate school classes (Primary, High school
1, 2, 8), and role attributes (Office, Hospital). The curves referring to the null models show the
mean over 50 realizations, and the shaded areas represent the standard deviation. For all graphs, we
consider the temporal resolution tres = 20 s.

is a memory horizon used to introduce correlation between the last m snapshot. The
parameter a weights the correlation term: by design, we expect the memory p to be
an increasing function of «. By letting Dy, A; be the degree and adjacency matrices
at time t respectively, we introduce L; = (Dy + I,,)~*(A; + I,,), where I,, denotes the
identity matrix of size n. The entries of L; indicate the probability of moving between
two nodes at time ¢, including self-edges for every node. Consequently, the entries of
M(t;m) = Hi;lt_m Ly express the likelihood of two nodes to be connected by a TRP
in the last m steps.

We generate the first graph snapshot from the Erdés-Rényi model and then, for all
t > 1andi # j, the (4, ) entry of the adjacency matrix A; are set to one independently
at random with probability

P((0ss = 1) = |14 G (o) + M) | ®
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Fig. 4 The relation between memory and diffusion speed for varying average degree
per snapshot, d. Left panel. Relation between the weight o appearing in Eq. (3) and the estimated
p from the MEM model of Eq. (1) with m = 1 = 5. The color- and marker-coded lines refer to three
values of the graph density, reported in the legend. The solid line is obtained by averaging over 10
realizations with fixed parameters, while the shaded line is the 5 — 95 confidence interval. Each graph
has n = 250 nodes, and T' = 300 snapshots. Right panel. For each of the graphs of the left panel,
we run 15 simulations of a diffusive process of a signal u starting from a randomly selected node at
t = 0. The figure shows the relation between the inferred p (the same as in the left panel) and the
normalized Shannon entropy of the signal density at the end of the process.

where d denotes the average expected degree of each snapshot. The first summand
creates edges between random nodes, while the second enhances the likelihood that
two nodes are connected if there is a TRP between them in the last m steps. The
normalization constant Z = L 3. 2; Mij(t;m) balances the two terms. We generate
synthetic temporal graphs for varying values of a and infer p using the MEM model
introduced in Section 2.1. The left panel of Figure 4 shows the relation between p
and «, which is monotonically increasing as expected. We also observe that, while the
memory p depends on the weight «, it also depends on other graph properties, such
as the density.

For each graph, we run 15 instances of a diffusion process of a scalar quantity on
the graph’s nodes. We let u; be the abundance of the diffusing quantity at node 7 and
we let u € R™ be a vector with entries u;. We consider the following diffusive process:

Utr1 = (In -3 (Dt - At)) Ut ,

where [ is the diffusion coefficient which we set to § = 0.03 in the experiments. In each
run, we randomly select an active node s at t = 0 and let (u;); = d;5. We then compute
the normalized Shannon entropy H(u) = — .., u; log(u;), normalized by log(n) as
a measure of the diffusion speed. A low entropy means that the final configuration of
u is close to the initial one, while when the normalized entropy tends to one, it means
that the system has reached equilibrium. The right panel of Figure 4 evidences the
determinant role of memory in slowing down diffusion.
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3 Discussion

Time-respecting paths (TRPs) drive dynamical processes on temporal graphs [32].
Here, we focused on high-resolution temporal networks encoding face-to-face proximity
between humans, and we introduced a model to quantify memory in TRPs, defined as
the probability that a TRP returns to an already visited node. We evaluated our model
on several empirical datasets collected by the SocioPatterns collaboration [4] and
inferred memory effects with comparable results across datasets collected in similar
settings. We showed that the inferred memory is statistically significant when com-
pared against memoryless null models. TRPs are constrained to the graph topology,
which introduces long correlations in the dynamics and generates long memory effects
even in Markovian dynamical processes. Memory in TRPs is observed for small aggre-
gation values t..s. In this case, each graph snapshot tends to be sparse and imposes
tight topological constraints on the nodes the TRP can visit. For large aggregations,
instead, the snapshot density increases allowing a larger variance in the TRP realiza-
tion. By introducing a simple model to generate graphs with memory, we explicitly
showed that memory in the TRPs slows down the speed of diffusion.

Our model provides robust and statistically significant results across datasets,
model parameters, and temporal aggregations, but it entails some limitations worth
discussing. First, we assumed that a model with time-independent parameters would
well describe TRPs, thus that the temporal graph is in a stationary regime. For most
of the datasets used in this study — and in general for most datasets — this condition
cannot be given for granted. For instance, in the school datasets [5, 6, 36], lesson hours
are interspersed by breaks with a different dynamics. To refine our results, one can
identify change-points in the data [24] and add a time-dependent notion of memory.
Second, unlike other models [24, 25], we could describe memory with a low-complexity
model, using a single parameter. Its simplicity, however, does not allow the model to
capture heterogeneity patterns across nodes that could be included, for instance, by
introducing a memory p depending on the node’s community class.

We foresee two main directions that follow from our work. One is the design of
generative models for temporal networks with memory in the TRPs. The model intro-
duced in Eq. (3) takes a first step in this direction, but its objective was primarily to
evaluate the relation between diffusion speed and memory in a controlled setting, while
a more complex model could generate more realistic synthetic data. Such a model
would have applications to better simulate infectious disease spread [35, 49, 50] or to
provide an anonymized version of sensitive data encoding proximity between humans
[51, 52]. The second direction is the study and design of accurate aggregation strate-
gies of temporal data. Compared to a time-agnostic framework, modeling dynamical
processes at high temporal resolution requires additional efforts in terms of model
complexity and data to collect. However, as shown also in this paper, the properties
of the temporal network affect the dynamics of dynamical processes unfolding on top
of it. Our work calls for the design of efficient procedures to aggregate temporal data
that are aware of properties — such as memory in the TRPs — that are only defined in
the temporal setting.
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Algorithm 1 TRP generation

Input: temporal graph {A,},=1, .. r; path-length a
Output: a TRP P
t1 < randomly sample a time with at least one interaction
v1 < sample a node with at least one neighbor at t;
vy <= sample vo W.p. X Ay, 4,
P <+ {v1,v2}, initialize the path
for 2 <x<ado
t, < end of the interaction (v;_1,v;)
if My, (t2) \ {vz—1} = 0 then
ty < {I>11tIzl N, (£)] >0
end if
Upt1 ¢ sample vy 41 from N, (t;) w.p. o Ay,
P+ add vypyq
end for

Vg1

4 Methods

4.1 Time-Respecting Paths Generative Procedure.

The models proposed in Egs. (1, 2) describe memory on non-backtracking time-
respecting paths (TRPs) on temporal networks. A TRP is a sequence of node-time
pairs P = {(v1,t1), (v2,t2), ..., (va,ta)} representing the steps of a path on a tempo-
ral graph. We require nodes to appear in a chronological order (i.e., that t, 1 > t, for
all values of a) and (vg, v4t1,%,) to be a temporal edge for all values of a. On top of
these conditions, we detail additional definitions of the TRPs that account for known
properties of the empirical data under analysis.

First, all datasets of Table 1 span multiple measurement days. We treat each sam-
pling day independently and consider every dataset a collection of temporal graphs.
The only exception is the Hospital dataset, which we treat as a single temporal graph
due to the irregular hours and schedules, with contact occurring almost continuously
throughout day and night. We aggregate time with a resolution t,..s and consider all
events within t,.s as simultaneous. The edge weight equals the number of edge occur-
rences within ¢,.s before the aggregation, ranging from 0 to the number of timesteps
within the resolution. To initialize the TRP, we first randomly sample an active time
t1, i.e., a snapshot with at least one temporal edge, and then randomly sample an
active node vy, i.e., a node with at least one neighbor at ¢;.

We define the TRP evolution from the first node to account for the interaction
and inter-event distributions, which are typically observed to be fat-tailed in temporal
social interaction networks [4, 53]. The broadness of this distribution implies that
the time two nodes spend in contact does not have a typical scale. With a non-
negligible probability, we can hence observe prolonged interactions between node pairs.
By performing a step in the TRP at each time index, i.e., letting t,11 =t + 1, a
long interaction between a node pair remains active for several path steps and can be
crossed multiple times, confounding a recurrent interaction with a prolonged one. To
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507 counter this effect, we let t,11 be the time at which the interaction between (v, vq11)
508 is concluded. Consequently, the TRPs we obtain have varying durations.

509 The bursty dynamics typically observed in human activity imply that the time
510 distribution between the end of an interaction and the beginning of the next one is
511 also fat-tailed. Burstiness generates TRPs with sequences of node pairs that alternate,
512 introducing fictitious memory effects [41]. We thus focus on non-backtracking paths
513 in which va41 € {va,ve—1}, thus alleviating this issue.

514
515
516
517
518
519
520

521
599 4.2 Maximum likelihood estimators

Algorithm 1 summarizes the TRP generation strategy. The algorithm takes a
sequence of time-stamped weighted adjacency matrices and path length a and returns
the TRP P. The matrices A; have size n x n, and the neighborhood of a node u at
time ¢ is denoted with A, (t). We recall that a TRP has a varying duration, and the
path may reach the largest available time before having the desired length a. In that
case, we regenerate the TRP.

523 In this section, we derive the maximum likelihood estimators for the parameters of
524 the MEM and MEM + SBM models. We consider a collection of R TRPs gener-
525  ated independently following the procedure detailed in Section 4.1. For each TRP, we
526 attempt to predict the next node in the sequence. By letting Vg denote the a-th step
527 of the r-th path, the likelihood of the realizations of the a + 1 nodes over the R TRPs

528  for the MEM (Eq. (4)) and MEM + SBM (Eq. (5)) models respectively read
529

530 R R
-8 (Vgg1:r € Mgy 1—

531 LMEM = H P (Ua+1;T|Ma;r) — H |:p (U +1; ; ) T p (4)

532 r=1 r=1 |Ma;r| n—2

533 R R | | N |

534 Lyenviser = | [ P (a1 Ma) =[] [p (vaj\iir € Mair)  (1=p) Z(va,r,vm,r)

535 =1 ot |Masr| wr

536 5)

537

538 In Eq. (5) we used the notation introduced in Section 2.1 and denoted with
539 L € R™ ™ the symmetric non-negative matrix encoding the community affinity
540 between nodes, i.e., L(u,v) = Cy)ev)- The normalization constant reads Z,, =
541 Zuev\{vam%im} Ly, «. We derive the maximum likelihood estimators of p and C
542 from Eq. (4), noting that Eq. (4) is obtained from Eq. (5) by letting L(u,v) = 1.

543

544 Parameter p

545 We compute the derivative of the total log-likelihood with respect to p and set it to
546 zero. We let Ry, denote the set of paths where the last node belongs to the memory
gj; set, i.e., those satisfying v441,r € Mg,r. All other paths form the set Royt.

549 alog(£MEM+SBM) 1 Za‘r - |Ma'r‘ . L(Uwr Ua+1'7")
R o e

551 p r€Rout reR;y, P 2ar +(1=p) Moy (Vasrs Vat1sr)
552
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From this equation, we obtain the following implicit expression of the maximum 553
likelihood estimator of p for the MEM + SBM model: 554
555
|Rout| 556
=1- .

p Z 7 111 (6) 557
p+ ( il - 1) 558
rERin |Ma;7‘| : L(va;m UaJrl;r) 559
560
The expression for the MEM model is obtained from Eq. (6) by letting 561
L(vgyr, Vat1;r) = 1 and Z, = n — 2. 562
563
Community Matrix C 564
Following the same procedure, we obtain the maximum likelihood estimator of ggg

the matrix C, recalling that L(u,v) = Cyu)ew). We denote with gg, =
> 8[8,1(x)] and obtain 567
wEV\{va;r,Va—1;r} ’ 568
569
0= Olog(L) 570
9Cap 571
é [Baf(vaJrl'r)] q8;r 572

- ) 14 ar : - :
7'6% [a7 (U ’ )} < Caaﬁ Za;'r * 573
574
(1 ) Z |Ma;7"|6[ay g(va;r)] (6[ﬁ; g(va-i-l;r)]Za;r o q,@;rL('Ua;Ta Ua-‘rl;r)) 575
+1-=p

rERum p- Z{%;r + (1= p) - L(Vasrs Vat1ir) Zasr - [Masr | gzg
. . I . . . .. 578
Again, we can express the maximum likelihood estimator of C' with an implicit 579
expression: 580
581
Z 6 [c, €(vazr)] 0 [B, €(Vart1;r)] 582
c, 5= r€Rout 583
’ Z 5[0‘,£(Uu;r>]qﬁ;r _ Z (1— p)é[a,é(va;r)] (Za;r - L(Ua;rvva-‘rl;r)qﬁ;r) : |M<58|4
Rt Za;r rERun D Zg;r + (1 - p)L(Ua;ra Ua+1;r)Za;7" : |Ma;7" 585
(1) 986
587
where we recall once again the dependence of L on C. 588
589
Resolution of the implicit formulas gg?
As we have already commented, Egs. (6, 7) provide an implicit solution for the maxi- 592
mum likelihood estimators. We detail the procedure adopted to solve these equations. 593
We initialize the parameters, letting p = 0.5 and C be the matrix encoding the total 594
number of interactions between communities over the temporal graph duration. We 595
remark that the matrix C (or equivalently of L) is defined up to an unknown multi- 596
plicative factor, which is handled by the normalization constant Z,,,.. With an iterative 597
procedure, we then update phew = g(C, p), where the function g is the right hand-side 598
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of Eq. (6) and Chew = f(C,p), where f is the right hand-side of Eq. (7), looking for
the solutions only in the interval [0, 1].

List of abbreviations. TRP, time respecting paths; SBM, stochastic block model.
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A Appendix

Inference results for different temporal resolution values

TRPs on time-resolved human proximity data exhibit statistically significant memory
effects, even if TRPs’ steps do not depend on their history. This is possible because
TRPs are constrained on the graph’s temporal edges. However, this effect deterio-
rates as the temporal resolution parameter t,.s increases. Higher values of temporal
resolution impose milder constraints on the path dynamics because the number of
edges at each time step can only increase with ¢,.. In this section, we evaluate the
two models across different resolution values t,¢5. Figure 5 shows the maximum likeli-
hood estimates of the memory parameter p in the MEM model (Eq. 1), while figure
6 in the MEM 4 SBM model (Eq. 2), across various temporal resolution values.
As expected, both figures show a decrease in the inferred memory parameter p as the
temporal resolution value ¢, increases. The effect is already evident between the first
two resolution values.
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Fig. 5 Maximum likelihood estimates of the memory parameter p. Each plot refers to one
of the datasets described in Table 1 and shows the inferred values of the probability p in the MEM
model (Eq. 1), probability of the time-respecting paths to return to a node. Paths are generated as
per Section 4 for different memory horizon lengths per path and temporal resolution values tyes.

Results for memory expressed in time units

As mentioned in the main text, the TRP size can be defined in two ways: one is the
path length that equals the number of nodes in the path; the other is the duration, i.e.,
the time elapsed between the last and first steps in the path. In this section, we explore
the results for the memory horizon expressed in actual time duration (in minutes).
Figure 7 shows the BIC values for the two models as a function of the memory time
duration (in minutes). In all datasets the MEM + SBM model achieves better results
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917 than the MEM model showing the community structure needs to be accounted for to
918 explain the TRPs statistic. This is especially evident in the four school datasets that

919 display a highly assortative community structure. Figure 8 shows the inferred mem-
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ory parameter p as a function of the memory time duration across datasets. For all
datasets with known node labels, we compare the two models. For the Conference and
Malawi datasets, we report only the inferred memory values from the MEM model.
For all schools, MEM provides slightly larger memory values p than those observed
in the MEM+SBM model. We observe similar inferred values of p for all schools and
in particular all high schools. All workplaces — Office and Hospital — lead to compa-
rable results, with values of p slightly larger than those observed in schools. The high
memory observed in Malawi and the low one in Conference is understood from the
experimental context. Malawi describes interactions between family members in an
African rural village. These interactions are known to be frequent and prolonged [45],
thus explaining the high memory effects observed. Conference describes the interac-
tions among researchers at a scientific conference. Commonly, attendees browse around
to meet new people, naturally decreasing the memory observed in the empirical data.

As we did for the path length configuration, we assess the statistical significance
of our results by comparing them with two null models that do not have memory
by construction. We observe that in all high school datasets, the inferred p on the
null models is non-zero, which is probably caused by a highly homophilic community
structure. Conversely, in all the other datasets, the memory parameter p inferred from
both models is consistently zero. Across all datasets, the inferred memory values are
much larger than the values inferred from the null models, evidencing a non-trivial
memory effect in empirical pathway data.
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Fig. 8 Maximum likelihood estimates of the memory parameter p and comparison with
the null models. Each plot refers to one of the datasets described in Table 1 and shows the inferred
value of the probability p of the time-respecting paths to return to a node, as a function of the memory
time duration (min). The curve “MEM” (solid line with squares) is obtained from the MEM model
of Equation (1) on the empirical data. The curve “MEM+SBM” (solid line with dots) is obtained
from the MEM+SBM model of Equation (2) on the empirical data. For the Conference and Malaws
datasets, we only consider the null model based on Erdds-Riyi random graphs, while for all other
datasets, we consider the one generated from stochastic block model graphs. The curve “Null MEM”
(dashed line with squares) is obtained from the MEM model (Equation (1)) on the synthetic data.
The curve “Null MEM + SBM” (dashed line with dots) is obtained from the MEM+SBM model
Equation (2)) on the synthetic data. The curves referring to the null models show the mean over 20
realizations, and the shaded areas represent the standard deviation. For all graphs, we consider the
temporal resolution tyes = 20 s.
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